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Engineering design is hierarchical in nature, and the hierarchy can be used to improve the efficiency of design
optimization. Multilevel optimization techniques incorporate the hierarchy at the formulation stage and result in
the coordinated optimization of a number of subsystems. However, the use of these techniques is associated with
numerical difficulties such as discontinuous derivatives. Single-level hierarchical solution techniques take advan-
tage of the hierarchical nature at the solution stage. The present paper demonstrates the use of the latter ap-
proach in structural optimization for a penalty-function optimization method based on Newton's method. A
single-level decomposition technique is developed that reduces the computational costs and memory require-
ments without incurring the disadvantages of multilevel optimization. The technique is demonstrated for a por-
tal frame example. Substantial savings of about 75% are obtained for a case with 500 design variables and 2408
constraints with indication of higher potential savings for larger problems. For truly large systems, this decom-
position technique provides the necessary reduction of computational effort to make the optimization process
viable.

Introduction

T HE design of complex structures typically proceeds at
several levels of detail. As an example, consider the cur-

rent practice for designing an aircraft wing. The overall design
of the wing proceeds on the basis of a beam analysis or a gross
finite-element model. From this analysis, the loads acting on
the major components of the wing such as individual panels
are obtained. Each panel then is designed based on the as-
sumption that these loads are fixed. The panel design then is
followed by detail design to prevent stress concentration
around cutouts and discontinuities. Again, it is assumed that
loads obtained from panel design do not change when the
details of cutout are changed. This approach neglects the ef-
fects of the redesign of one part of the structure on other parts
and does not exploit the interaction between local structures.
As a result, a truly optimized structure cannot be achieved
since there is no mechanism for redistribution of forces or
material between local structures.

One way to exploit the interaction between local structures
is to carry out a local-global design optimization simul-
taneously. Such an optimization is often prohibitive with
respect to computational effort and memory requirements. It
is more economical to take advantage of the fact that the local
structures are only weakly coupled and to formulate the design
problem as a hierarchical problem in which the lower-level
design problems are coupled only through interaction with
higher levels. Such a hierarchical formulation typically re-
quires the introduction of global variables and the addition of
equality constraints to assure consistency between lower-level
(local) and upper-level (global) variables.
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Two types of techniques are used to capitalize on the hierar-
chical structure. Multilevel design techniques break up the
problem into several smaller problems at the formulation
stage and use multilevel techniques to solve the resulting
hierarchical optimization problem.1'7 One shortcoming of this
technique is that lower-level subsystems need to be optimized
several times. Also, the derivatives of the lower-level optima
may be discontinuous functions of the higher-level design
variables,8 and the equality constraints used in the hierarchical
formulation may make the multilevel optimization problem
more ill conditioned than the single-level problem.9

For hierarchical systems, the alternative to multilevel
techniques is single-level formulation accompanied by a de-
composition technique for the solution of the single-level pro-
blem. For linear problems, linear programming (LP) decom-
position methods are used to convert a large problem into a se-
quence of smaller LP problems. The Dantzig-Wolfe decom-
position method10 was the first to take advantage in the solu-
tion process of a block-diagonal structure that exists in most
large linear problems. Rosen11 suggested a modified approach
that had better convergence properties. His approach alter-
nates between two levels of solution until the optimal solution
is obtained. These algorithms are guaranteed to converge to
the correct optimum only for linear or convex problems.

For nonlinear problems, Haftka12 developed a penalty-
function-based decomposition technique using Newton's
method that results in substantial computational savings.
However, this technique still requires equality constraints that
make the problem ill conditioned. The purpose of the present
paper is to propose a novel treatment of the global variables
that are used to create the hierarchical structure. These
variables are not used as optimization variables, but instead
they are used as intermediate variables. This scheme helps to
reduce computational cost but does not affect the optimiza-
tion at all. It therefore allows us to reap the computational
benefits of hierarchical design without incurring any of the
disadvantages. An example of a portal frame is used to
demonstrate the method and its computational advantages.
Because the paper is intended to demonstrate the use of in-
tervening variables rather than develop a general theory, only
two-level systems are discussed.
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Solution Procedure
Single-Level Penalty-Function Approach

Consider the general optimization problem of the form

minimize f ( X ) (1)
such that

and
1=

hi(X)=Q, /=l,...,«e

where X is a design variable vector with components

Among the numerous numerical techniques available to ob-
tain a solution to Eq. (1), one popular technique is the se-
quence of unconstrained minimization technique (SUMT).13

In this technique, the constrained optimization problem is
transformed into a series of unconstrained minimization prob-
lems by replacing the constraints by penalty terms. Here, the
inequality constraints are replaced by a quadratic extended in-
terior penalty function14 as implemented in the NEWSUMT-A
optimization package.16'17 NEWSUMT-A was modified to
handle equality constraints using exterior penalty terms. The
form of the augmented objective function $ is

q(h,) (2)

where r is a penalty multiplier, /3 is used to adjust the equality
constraint penalty, and/?(#/) is a quadratic extended interior
penalty function for inequality constraints.14

The penalty q(ht) associated with the /th equality constraint
is defined as an exterior penalty function of the form

(3)

The solution of the optimization problem is obtained by
minimizing the function $ for a decreasing sequence of r
values using Newton's method with approximate second
derivatives of the penalty terms.18 The optimization is started
with the penalty multiplier r at a value Rinii, and the total func-
tion <J> given by Eq. (2) is minimized. The design space for a
fixed value of r is called a response surface. Then, r is reduced
by multiplying it by a factor /?mult, and another response sur-
face is optimized. This process is continued until convergence
to a desired accuracy is achieved.

Newton's Method with Approximate
Second Derivatives

The direction vector S that minimizes $ (X, r) is found by
using Newton's method with a one-dimensional search.

i -y__ y y __ £t__ U ~ \ f^ (A \

where a. is the step size obtained by a one-dimensional search,
S is the direction vector, G is the gradient vector of $, X0 is the
initial design variable vector, and H is the Hessian matrix (sec-
ond derivative matrix of $):

__
v7

d2q(hk)

For equality constraints,

- = 2- - + 2/2,

(5)

(6)

Approximate second derivatives are evaluated as suggested
by Haftka.18 The second term in Eq. (6) goes to zero as the op-
timization progresses and the equality is satisfied. Thus, Eq.
(6) becomes

- = 2-
dh dhk

dx,- dXj
(7)

A similar approximation is used for the second derivatives ofP.U
These approximations for the second derivatives of $ re-

quire only the first derivatives of the constraints; therefore,
the computational effort required in finding search directions
is reduced. During a one-dimensional minimization, instead of
exact evaluations of constraints, various approximations using
Taylor-series expansions can be used.17'19 NEWSUMT-A im-
plements linear, quadratic, reciprocal, and conservative con-
vex approximations.

We denote the total number of constraints as NCON where
NCON = «/ + wc. Then from the foregoing relations, it is evi-
dent that for the gradient vector we need to evaluate
NDVxNCON derivatives, whereas we need approximately
NCON x NDV x NDV/2 terms for the symmetric Hessian
matrix. The evaluation of the Hessian matrix can constitute a
major computational effort when the numbers of design
variables and constraints are large.

Based on past experience21'22 for better computational per-
formance, Eq. (4) is modified into

(8)

where Hc is a diagonal matrix with terms of the form e//t/
along the diagonal. These correction terms are used to make
the original Hessian matrix H more diagonally dominant to
improve the conditioning of the system.15 Typical values of e
are in the range 0.01-0.05.

Hierarchical Formulation
It is now assumed that the system can be divided into s

substructures, each with its own independent design variable
vector Xf defined for / = 1,... ,5*.

Consider a structural optimization problem of the form

minimize f(Xl,... ,XS)

such that

(9)

where Xt is a vector of local design valuables associated with
the /th part of the structure. In the form of Eq. (9), the system
is fully coupled.

Often, it is possible to find a vector of decoupling (or
global) variables Fsuch that the system of Eq. (9) may be writ-
ten as

minimize/=/o ( Y) + / ( F, Xt)

such that

(10)

hij(Y,Xi)=0, /=!,. ..,5, j=l,...,ne

The equality constraints htj usually define the relationship
of the decoupling variables Fand the original X{.
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M = 20 X106N-cm
P = 50 000 N

500cm

Fig. 1 Geometry of frame with /-beam cross section.

For example, consider the portal frame problem (Fig. 1)
considered by Sobieski and co-workers.7'20 The cross section
of each beam element is an /-section and the dimensions defin-
ing the section are the detail design variables. With these detail
design variables, the problem is fully coupled in that a change
in a detail of one beam influences the stresses in the other two
beams. However, it is possible to decouple the problem by us-
ing the cross-sectional area A and the moment of inertia / of
the beam. With these two variables defined for each beam, it is
possible to determine the global response of the complete
structure, i.e., displacements and forces that act between the
beams. These two quantities can be considered the decoupling
variables; the detail variables of one beam do not influence the
stresses in the other two beams. Equality constraints are used
to relate A and / to the detail variables describing the beam
cross section.

It is possible to take advantage of the decoupled form of
Eq. (10) by using a two-level optimization solution. However,
even if a single-level solution is used, the decoupling process
produces several computational advantages. One advantage of
the decoupled system is that it is much cheaper to calculate
derivatives of the constraints with respect to the design
variables. The decoupling implies that changes in the local
variables Xi of one subsystem do not cause any changes in all
other subsystems as long as the decoupling variables Y are
fixed. Therefore, derivatives with respect to the Xf variables
usually become much cheaper to calculate. For example, in the
frame problem if details of one beam cross section are chang-
ed without changing A and /, only stresses in that beam are af-
fected, and they can be calculated without an overall analysis
of the frame.

A second advantage of the decoupled system is that the
single-level solution process can become cheaper by taking ad-
vantage of the decoupling. This is demonstrated here for the
penalty-function optimization procedure discussed earlier.

Penalty-Function Equivalent of Decoupled System
For the decoupled system of Eq. (10), the total function $ to

be minimized is

We rewrite Eq. (11) as

where

(11)

(12)

(13)

and

$i(Y,Xi)=fi(Y, Xt) &(Y, A-,.)]

(14)

Applying Newton's method directly to Eq. (11) for the
minimization of $, we have the following form of the equa-
tion for AFand AAT:

Ioo

o
o :

(15)
where

ay2 ~ ay2

dx2

Hl=-

(16)

(17)

(18)

The block-sparse structure of the Hessian matrix in Eq. (15) is
beneficial in contrast to a fully populated Hessian obtained
for the coupled problem.

Benefits of Decoupling in the Solution Process
Equation (15) that needs to be solved for the direction vec-

tor in the Y and Xi space is block-sparse due to the lack of
coupling between the subsystems, i.e., d2$/dXjdXj = Q for

Savings in storage and computation of the Hessian matrix
can be achieved by taking advantage of the sparsity. The con-
tributions to the Hessian matrix need not be summed over all
the constraints but only over those affected by changes in the
design variable being perturbed.

The magnitude of the computational savings is a function of
the number of subsystems and the number of local variables in
each subsystem. The larger these numbers are, the greater the
benefits of using the decoupled system. For typical large
engineering systems, in which multilevel techniques are being
considered, these numbers are high, and such systems are,
therefore, ideally suited for the proposed scheme of solution.
There are three main sources of savings that can be identified:
1) savings in computing the terms of the Hessian matrix, 2)
savings in computing the constraint gradients since changes in
local variables do not affect global quantities, and 3) savings
in the solution of Eq. (15) if the sparsity of this equation is
used in the solution process.12

Decoupling Intermediate Variables
The hierarchical structure described in the previous section

is often generated by using equality constraints that can cause
severe numerical difficulties.9 These are apparently associated
with the violation of the constraints during straight-line moves
in the design space. In addition, the use of equality constraints
increases the number of design variables because both local
and global variables are retained. It is possible to reduce the
number of variables by using a local linearization of the
equality constraints to eliminate some of the local variables.
However, such a technique would still be expected to have
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numerical difficulties associated with constraint violations at
the end of each one-dimensional move.

In this work, an alternate approach is proposed in which the
global variables Y are used only as intermediate variables for
the purpose of reducing the cost of the optimization process.
The original design variables are retained for the purpose of
the optimization, which is carried out at a single level.
Therefore, problems associated with multilevel optimization
and problems attributed to the use of equality constraints are
avoided. However, all the computational advantages of the
multilevel formulation are still retained.

The proposed technique has two stages. In the first stage,
the equality constraints are linearized and used to eliminate
some of the local variables. The system consisting of the
global variables and the remaining local variables is decoupled
in the sense that local variables affect only local constraints.
The gradient and second-derivative calculations are inexpen-
sive in this decoupled system. The second stage consists of a
transformation of the gradient and second derivatives from
the decoupled system to the original system. This transforma-
tion (which is shown to be trivial) permits us to carry out the
optimization in the original design space while still enjoying
the computational benefits of a hierarchical formulation.

The first stage of the proposed technique begins with the
equality constraints, Eq. (10). We consider these constraints as
implicit equations for ne of the components of the Xi in terms
of the vector Y and the remaining components of Xt. For a
general complex case, it is not possible to do this explicitly, but
an explicit solution is not required for our purpose. For the
case considered here, we make a simplifying assumption that
is not essential in general; we assume that the global variables
can be expressed in terms of the local variables. For example,
for the frame problem, the cross section area A is expressed in
terms of the local variables as (see Fig. 1)

A-[t3(h-tl-t2)+bltl+b2t2] -0 (19)

Thus, the equality constraints for the rth subsystem define a
subset D{ of order ne of the vector Y that can be expressed in
terms of the local variables X{. Since we plan to use the equali-
ty constraints to eliminate some of the local variables, we
denote those as Et (the eliminated set) and the remaining
variables of Xt as Rt (the retained set). The set of variables Di
(the decoupling set) are of the same order as Et (both are of
order ne). The equality constraint is, therefore, a relation of
the form

Di=Di(RifEi) (20)

In general, Eq. (20) cannot be explicitly solved for Eit so that
it is considered to be only an implicit relation for the Et.
However, it is assumed that the relation is invertible in the
sense that the mapping from the Z>/ to the Et variables is one-
to-one, onto and continuous. We also assume that the DI
variables do not intersect, i.e., each subsystem has its own
global or decoupling variables. The original set of design
variables X may be rearranged and written as

and the new set of variables X* as

The objective function may be written as
s

f=f0(D,,...,Ds)+'£/f!(Di,Ri)(%i
and the constraints as

^ (/>;,/?; )>0, /=!,.'.. A y = !,...,

(21)

(22)

(23)

(24a)

(24b)

For the frame problem of Fig. 1, the area A and moment of
inertia 7 are a natural decoupling set. Equation (19) and a
similar equation for /are the particular form of Eq. (20). With
A and / of each beam fixed, the detail sectional variables of
one beam do not affect constraints in the other two beams.
Because of the decoupled form of the objective function and
constraints in Eqs. (23) and (24), their derivatives are inexpen-
sive to calculate. We next consider the transformations that
may be used to calculate the derivatives of the original system
from the derivatives of the decoupled system.

Derivative Transformation
Consider a general function

(25)

We need to compute the derivatives of/with respect to all
its variables. Introducing the decoupling variables Z>, we can
write the function in Eq. (25) as

(26)

For simplicity, let us start by considering the case of a single
subsystem. Let/ be the function in the coupled E-R space and
/* the function in the decoupled D-R space. Then, we have

ft (Xf ) =fg (EifRt) =f*(Di,Ri )

For convenience, we drop the index / to get

f(X)=f(E,R)=f(D,R)

and

D = D(R,E)

(27)

(28)

(29)

We denote the number of variables of X, D, R, and E as nx,
nd, nr, and ne, respectively. Obviously, nx = nr + ne, and
nd = ne. We assume that /and/" are continuous functions and
so are their first and second derivatives with respect to each
element of the vectors R, E, and D.

We define the design variable vector X in the E-R space as

XT=[E,R]T (30)

and the design variable vector X* in the transformed D-R
space as

X*T=[D,R]T (31)

The derivatives of /* are easily obtained, and we seek
transformation rules to obtain the derivatives of /. Using
chain rule differentiation yields

and

(32)

(33)

The derivatives with respect to R and E are used in one-
dimensional searches to approximate the constraints.

System Transformation Matrix
For calculating a search direction, we need the relation be-

tween increments of the design variables. By differentiating
Eq. (29) and inverting, we get

(34)
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where the transformation matrix t is

in
Also, it is easy to check from Eqs. (32-35) that

-\ 7 °I -DEIDR D (35)

When applied to the entire system, the foregoing transfor-
mation becomes

where

(36)

(37)

Calculating a Search Direction
If the optimization were conducted in the decoupled design

space X*9 then a search direction S* would be obtained by
solving

//*S*=-G* (38)

where H* and G* are the Hessian matrix and gradient vector
in X*. The corresponding direction in the original space is TS*
and, in general, it will be different from the direction S obtain-
ed by solving the direction equation in the original space

HS=-G (39)

It is tempting to conduct the optimization in X* because Eq.
(38) is inexpensive to set and solve compared to the fully
coupled Eq. (39). However, there are several problems
associated with working in X*. First, simple side constraints
on the E-t can become complex nonlinear constraints in X*.
Second, after each one-dimensional search, the eliminated
variables (the E{) need to be calculated by solving Eq. (29) for
each subsystem. Because Eq. (29) is, in general, nonlinear,
there is no guarantee that a solution exists. Therefore, instead
of working in X*, we seek a cheap way of calculating S.

Denoting by S* the direction in X* corresponding to 5, we
have

(41)

Substituting from Eqs. (40) and (41) into Eq. (39) and
premultiplying by TT we obtain

where

HS* = - G*

H=TTHT

(42)

(43)

It can be shown21 that H has the same sparsity pattern as H*
so that it is much cheaper to calculate than //, and Eq. (42) is
much cheaper to solve than Eq. (39). Furthermore, when the
matrix H is calculated using the first-derivative approxima-
tions [such as Eq. (7)], it can be shown21 that H-H*. Thus,
for this case, we can eat our cake and have it too! Therefore,
the two computational steps of search direction calculations
are as follows:

1) Use Eq. (8) to solve for the search direction in the
decoupled space, i.e., use^the inexpensive Eq. (38) to calculate
S* that is now equal to S*.

2) Obtain a search direction in the original coupled space S
from Eq. (40).

It should be noted that Eq. (38) is replaced by

[//*+//*]S*=-G* (44)

S=TS* (40)

where H*=TTHCT.
Here, H* is obtained directly from finite-difference calcula-

tions in the decoupled design space. Then it is corrected by
adding H* to it. The computation of H* is not expensive since
Hc is a diagonal matrix and the transformation matrix T is
also block diagonal.

Numerical Results
Consider the minimum volume design of the portal frame

shown in Fig. 2. This structure was first formulated and solved
by Sobieski et al.20 The frame is made of three beams, and the
cross sections of the beams were /-sections (see Fig. 1) as con-
sidered by Sobieski. Six detailed design variables governed the
size of the beam cross sections. The problem is fully coupled in
that any of the details of each beam influences the global
displacements and the stresses in the other beams by changing

Table 1 Portal frame example: design information

Material
Young's modulus
Normal stress limit
Shear stress limit
Number of load conditions
Load case

1
2

Aluminum

2
Degree of freedom

4
6

7.06E6 N/cm2

20,000 N/cm2

11, 600 N/cm2

Load
5.0E4N

-2.0E7N-cm

Degree of freedom
4
6

Dimension Design
variable variable

d2
d,
d.

Initial
value, cm

1.0
50.0
0.25
0.025
0.5

Lower
bound, cm

0.1
10.0
0.01
0.001
0.01

Maximum allowable
displacement
± 4.0 cm
± 0.015 rad

Upper
bound, cm

5.0
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Fig. 2 Geometry of frame with hat-stiffener cross section.
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d5
de
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Beam 1 Beam i

X1 X5I-4

X2 X5i-3

X3 X5i-2

X4 X5J-1

5.0 cm 5.0 cm
X5 X5i

15
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Fig. 3 Finite-element model for portal frame FRAME125.

Table 2 Optimization results for portal frame FRAME050
using linear approximations for constraints

Total function, cm3

Objective function, cm3

Number of ODM

Global analyses

Coupled
system

18,057.5
18,045.2

36

1910

Decoupled
system

18,057.5
18,045.2

36
830

Savings, %

56.54

Objective function
Constraints
Constraint gradients
Approximate constraints

Number of evaluations
4119 4123

73 73
36 36

410 414
CPU times3

Total
ODM
Direction
Hessian setup
Solution
Objective function
Constraints
Constraint gradients
Approximate constraints

40.95
1.42

39.36
18.92
1.56
1.12
0.70

16.86
0.09

28.19
1.41

26.59
8.97
1.55

1.16
0.72
9.31
0.09

31.16

52.59

44.78

aCPU seconds on IBM 3084.

the internal load distribution. For an /-beam with six cross-
sectional parameters and two global parameters A and /, it is
possible to replace two local parameters by the global
parameters. In order to consider a more complex cross sec-
tion, hat-stiffened beams are assumed instead of the /-section
beam. Each beam is 40 cm wide with eight identical symmetric
hat-stiffeners as shown in Fig. 2b. Two different load condi-
tions act on the portal frame, which is required to satisfy
displacement and stress constraints for each load condition
separately as shown in Table 1. The first eight constraints are
global displacement constraints in degrees of freedom 4 and 6
(see Fig. 2) due to load conditions 1 and 2. The remaining con-
straints are local stress constraints, 18 for each beam. There
are four normal stresses and five shear stresses monitored at
points A, B, C, D, and E in Fig. 2c of the hat-stiffener for
each of the two load conditions. There are also six side con-
straints, five lower bounds on each of the design variables,
and one upper bound on dl. Variable d5 is fixed at 5 cm (Fig.
2) to preserve the overall width of the beams. Each design
variable affects each displacement and stress constraint. As a

result, evaluation of finite-difference gradients of constraints
requires a complete solution of the entire structure after per-
turbing each design variable in turn. The displacement con-
straints are global constraints as they depend only on the
global design variables A and /and not on local details. On the
other hand, the stress constraints in a beam are local con-
straints as they depend on the local details of the cross section
of that beam. They also depend on the global design variables
that determine the internal forces in each beam but not on the
detail design variables of other beams. Equality constraints
such as Eq. (19) ensure consistency of global and local design
variables. No attempt was made to develop explicit expres-
sions relating the detail design variables to the global design
variables.

A variable cross section version of the portal frame example
is considered, with each of the three beams modeled by several
finite elements. The size of the problem is varied by changing
the number of elements in each beam. Three models of
the frame that are studied are designated as FRAME050,
FRAME 125, and FRAME500 with 50, 125, and 500 design
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variables, respectively. The finite-element model for
FRAME 125 is shown in Fig. 3.

Decoupling was achieved by eliminating the design variables
associated with dl and d3 of Fig. 2c and replacing them by the
global variables, the cross-sectional area A, and the moment
of inertia /.

The results presented focus on the computational efficiency
of the decoupling technique. The total CPU time consists of
two main components: 1) the CPU time required to compute
search directions displayed in the tables as direction time, and
2) the CPU time for performing one-dimensional minimiza-
tions displayed as ODM time. The direction time further con-
sists of three main components: 1) the CPU time required to
compute the derivatives of the constraints displayed as con-
straint gradients time, 2) the CPU time required to evaluate
the Hessian matrix displayed as Hessian setup time, and 3) the
CPU time required to solve the direction equation displayed as
solution time. Additionally, the results also show the reduc-
tion in the number of global analyses. These are very inexpen-
sive for the frame problem, but in more complex problems
they are a major computational task. The details of the
FRAME 125 model designs are given in Ref. 22. The other two
models are presented next.

Portal Frame FRAME050
The portal frame was modeled with 10 250-cm long

elements: two elements for beam 1, and four elements each for
beams 2 and 3. Each element had five design variables con-
trolling its cross-sectional shape. Thus, in this model (denoted
FRAME050), there were a total of 50 design variables, in-
cluding 20 global variables. The total number of constraints
was 248, eight global displacement constraints and 24 con-
straints on stresses and upper and lower bounds in each
element.

Using the decoupling method, similar weights for the final
design were obtained for exact constraints21 and for the linear
(Table 2), approximations of the constraints. The same design
is obtained with either the coupled or the decoupled system
with a 20-30% reduction in computational time. A summary
of the CPU times for this case is shown in Fig. 4a. The com-
putational time for evaluating the Hessian matrix was reduced
by 50% and the computational time for the constraint de-
rivatives by 45-60%. These savings were much larger than the
increased effort required for the implementation of the
decoupling algorithm, resulting in a 20-30% net reduction in

the total CPU time. The number of global analyses was reduc-
ed by 45-60% (see Fig. 4b). Each constraint derivative evalua-
tion required 51 global analyses for constraint evaluations for
the coupled system, whereas only 21 global analyses were
necessary for constraint evaluations for the decoupled system.

Portal Frame FRAME500
The finest mesh used 100 25-cm long elements for a total of

500 design variables. This model was named FRAME500. The
number of global variables was 200, and the total number of
constraints was 2408, eight global displacement constraints
and 24 constraints on stresses and upper and lower bounds in
each element.

The computational times and memory requirements of this
case were very high. Consequently, this case was run on a
larger and faster computer, a CDC CYBER 205. Furthermore,
instead of a complete optimization, only a single one-
dimensional minimization with a linear approximation for the
constraints was carried out. Consequently, the computational
times for this case should not be directly compared with those
from FRAME050 and FRAME125.

The same design is obtained from using either the coupled
or the decoupled system with almost a 75% reduction in com-
putational time (Table 3). Figure 5a summarizes the CPU
times. The computational time for evaluating the Hessian
matrix was reduced by 97%, and the computational time for
constraint derivatives by 58%. Each constraint derivative
evaluation required 501 global analyses for constraint evalua-
tions for the coupled system, whereas only 201 global analyses
were necessary for constraint derivatives for the decoupled
system (Fig. 5b). This resulted in almost a 75% reduction in
the total CPU time. This figure would be 80% if the solution
strategy outlined in the previous section had been im-
plemented. In that case, the solution time for the decoupled
system would have been about 2 s instead of 30.

A summary of the CPU time savings for the three models of
the portal frame is given in Table 4. As the size of the model
and the degree of sparsity of the Hessian matrix increase,
greater savings are obtained with the decoupled system. The
savings in constraint gradient calculations is limited to 60%
for this example since there are five local variables and two
global variables for each subsystem. For structures where a
larger number of detailed design variables are used, this com-
ponent of savings will increase proportionately. For very large
systems, the evaluation of the Hessian matrix can be a domi-
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• I i i I i i 1 i i 1 i
10 20 30 40
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() 100 200 300 400 500
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Fig. 4 CPU times and number of global analyses for coupled and
decoupled systems for portal frame FRAME050, linear ap-
proximation.
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Fig. 5 CPU times and number of global analyses for coupled and
decoupled systems for portal frame FRAME500, linear ap-
proximation.
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Table 3 Optimization results for portal frame FRAME500
using linear approximation for constraints

Coupled Decoupled

Total function, cm3

Objective function, cm3

Number of ODM
Global analyses

Objective function
Constraints
Constraint gradients
Approximate constraints

Total
ODM
Direction
Hessian setup
Solution
Objective function
Constraints
Constraint gradients
Approximate constraints

system
6.676£5
1A12E5

1

504
Number of evaluations

1031
2
1

28
CPU times3

576.72
0.92

574.42
279.43
29.98

1.07
1.37

262.62
0.04

system Savings, %
6.616E5
IA11E5

1

204 59.52

1028
2
1

25

156.10 72.93
0.89

136.61
5.89 97.89

29.80

1.07
1.37

109.01 58.49
0.04

aCPU seconds on CDC CYBER 205.

Table 4 Comparison of results for all models of the portal frame

FRAME050 FRAME125

aCPU seconds on IBM 3084. bCPU seconds on CDC CYBER 205.

FRAME500

No. of design variables
No. of constraints
Optimized volume, cm3

Average cost of
a global analysis

Total CPU time
Global analyses
Storage

Hessian
Constraint gradients

50
248

18,045

9.19£-3a

Savings, %

31.2
56.5

31.8
52.3

125
608

16,761

6.96£-2a

49.9
58.5

34.3
56.8

500
2408

-

4.87£-lb

72.9
59.5

35.6
59.2

nant portion of the total computational time, and the use of
the decoupled system can reduce the computational costs by as
much as 90%.

For the frame example just discussed, the finite-element
modeling was relatively inexpensive. A global analysis of
FRAME125 required only about 0.07 CPU s on a IBM 3084,
whereas FRAME500 took about 0.5 s on a CDC CYBER 205.
For complex structures, this time can be significantly larger,
especially if a nonlinear analysis is required. Using the de-
coupled system saves 55-66% in the number of global analyses
required (see Table 5).

This decoupling technique also has been applied to the op-
timization of a wing box structure. See Ref. 21 for details.

Concluding Remarks
Engineering design is hierarchical in nature, and if no at-

tempt is made to benefit from this hierarchical nature, design
optimization can be very expensive. There are two alternatives
to take advantage of the hierarchical nature of typical struc-
tural systems. Multilevel optimization techniques incorporate
the hierarchy at the formulation stage and result in the coor-
dinated optimization of a hierarchy of subsystems. The use of
multilevel optimization techniques often necessitates the use
of equality constraints. These constraints can cause numerical
difficulties during optimization. Single-level decomposition

techniques take advantage of the hierarchical nature to reduce
the optimization cost.

This paper demonstrated a single-level decoupling technique
for a penalty-function-based optimization method employing
Newton's method. This technique retains the advantages of a
partitioned system of smaller independent subsystems without
the disadvantages of multilevel formulations.

The proposed decoupling technique was demonstrated for a
portal frame design problem. The size of the problem was
varied by refining the mesh used to model the frame. Com-
putational savings of up to 75% were obtained for large prob-
lems. The savings increase as the size of the problem and the
amount of decoupling are increased. For truly large systems,
this decoupling technique provides the necessary reduction of
computational effort to make the optimization process viable.
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